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EMBEDDINGS WITH MAPPING CYLINDER 
NEIGHBORHOODS? 
J. L. BRYANT and R. C. LACHER 
(Receioed 21 Augur 1974) 
Musr a submanifold Mm C N” having a mapping cylinder neighborhood be locally flat? This 
question has been answered in dimensions n ~4 and its relation with the infamous double 
suspension problem is well-known in dimensions n 2 5. (More detail and references appear in 8 1 
below.) Perhaps the main result of this paper is that such manifolds are indeed locally flat 
provided they are freely embedded (i.e. that for each E > 0 there exists a map A : Mm x L”-m-’ --f 
(N” -Mm) such that h(x x Ln-m-l) is within E of x and links Mm homologically; here L”-m-’ is 
any simply connected manifold if n - m 13 and is the sphere Sn-m-’ if n - m 5 2); if n - m = 2 
we need the additional assumption that M”-* is locally flat at some point. A corollary is that 
freely embedded PL submanifolds are locally flat. 
The concepts of mapping cylinder neighborhood and freeness can be combined to obtain that 
of a strongly free submanifold Mm C N”: Instead of a mapping cylinder neighborhood, we 
require that there exist a map A of the mapping cylinder Z, into N” (where 7: 
Mm x L”-*-‘+ Mm is projection on the first factor) such that AIM” = identity and 
A(Z,, -Mm) C (N” -Mm), and A(6’(x)) links Mm. Another of our results is that strongly free 
submanifolds are locally flat (n # 4, with the flat spot proviso when n - m = 2). These results each 
have local form. 
The method of proof in each case is to deduce that M” is locally homotopically unknotted in 
N”. In the course of the proof, criteria for commutativity of T,( U”), and others for the vanishing 
of 7~q( U”), 2 s q I- k, are developed for open orientable manifolds U” ; these criteria are perhaps 
of independent interest. For commutativity of T,( U”) we require that for any compact connected 
set C in U” there exist a compact connected orientable manifold K” with abelian fundamental 
group and a degree one map (K”, 8K”) --) (U”, U” - C) which induces an injection 
H,(K”) + H1( U”). For vanishing of T~( U”)(2 5 q 5 k) we require that for any C there exist a 
compact connected orientable K” with TV = 0 (25 q 5 k) and a degree one map 
(K”, 8K”) + (U”, U” - C) which induces an isomorphism T,(K”) + P,( U”). 
Conventions. Our notation is that of [23] with the. following exceptions. In all cases our 
homology is taken with integer coefficients and the coefficient group is suppressed from the 
notation. Our notation for the mapping cylinder Z.+ of a map 4: X + Y is as follows: Z, is the 
quotient space of XX [O, l] U Y X 2 in which points (x, 1) and (4(x), 2) are identified; X is 
identified with the image of X x 0 in Z+ ;and Y is identified with the image of Y x 2 in Z,. We use Z, 
to denote the image of X x [0, t] in 5. If M is a manifold we denote by aM the set of boundary 
points of M and set g = M - JM. 
$1. DEF’JMTIONS AND MAIN RESULTS (CODIMENSION # 2) 
As context in this section we have given a (topological) m-manifold Mm topologically 
embedded in the interior of an n-manifold N”. 
THEOREM 1.1. Suppose Mm has mapping cylinder neighborhoods in N” at each point and is 
free in N” at each point. If n - m # 2 and n > 5 then Mm is locally flat in N”. 
Definition 1.2. Before embedding the above result in the literature we give some definitions. 
M” is <aid to have a mapping cylinder neighborhood in N” at the point x E Mm provided there 
exist: an open neighborhood V of x in Mm ; an open (n - I)-manifoldS U; a proper map C#J of U 
TResearch supported by grant NSF GP-19964. 
Sin our proofs we need only assume that U is a Hausdort? space: when n = 4 the requirement that U be a manifold seems 
necessary. 
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onto V; and an embedding II, of the mapping cylinder Z+ of 4 onto a neighborhood of x in N” 
such that $ (V = identity. 
Note that requiring U = a( V X I?“-“), and 4 = projection on the hrst coordinate, is the 
requirement that Mm be pat in N” at x. 
Mm is said to be free in N” at the interior point x E $fm provided there exists a neighborhood 
V of x in Mm such that: for each sufficiently small S >O there exist a closed 
(n - m - l)-manifold L”-“-I and a map A : V x L + (N - M) satisfying 
(i) L n-m-’ is simply connected and smoothablet if n - m z 3 and is S”-“-’ if n - M 5 2; 
(ii) A(v x L”-“-I) C (S-neighborhood of v) for each v E V; and 
(iii) the linking number of Mm and A(x X Lnmm-‘> is 21. (Compare [6] and [ill.) 
The “sufficiently small” restriction on 8 > 0 is to guarantee that linking numbers are defined. 
Suppose that No is an open submanifold of N” such that N0 n Mm = MO is a closed subset of NO, 
No and MO are orientable, and x E MO. Assume that V is chosen small enough so that 
7 C W’ C W C No where Wand W’ are open n-cells such that W’ fl M0 lies in one component 
of W II MO. Then choose 6 > 0 small enough so that the &neighborhood of v lies in W’. We then 
have the following commutative diagram (which is the image of a similar diagram in which W 
replaces W): 
Hc”(M0 r-l WI 
(‘-w/ \ 
H,-“(W, W-Mo)- H”-“-I(w-Mo) 
I TJ. 
I ‘H.-,-l(L) 
H,-,(No, No - MO) 
1 a Hn-m-~(No-MO) q 
(-4 / Hc” (MO) 
Note that a, maps the image of H,-,( W’, W’ - MO) isomorphically onto the image of 
H,,_,,,_,( w’ - MO) and hence CL maps the image of &” (MO n W’) isomorphically onto the image 
of Hn-,,,_,( w’ -MO). The expression “the linking number of A (x x L) and M is -tl” means that 
(h,),[L”-“-‘I = t-a,[Mo n W’l* 
for fundamental c asses [L “-m-1] E H,_,-,(L) and [MO rl W’]* E H,“(M, rl W). Note that this 
condition is independent of choices of MO, W, and W’ and that linking numbers could be defined, 
given an orientation on MO, so as to be independent of choices of W and w’. 
For boundary points the definition is similar. Mm is free in N” at the boundary pointx E 8M” 
provided there exists a neighborhood V of x in Mm such that for each sufficiently small 6 >O 
there exist a compact (n - m)-manifold with boundary, K”-“, and a map A: a( V x K) + 
(N - M) satisfying 
(i)b K”-” is simply connected and smoothable;? 
(ii)b A(v, k) E (&neighborhood of v) for each (v, k) E a( V X K); and 
(iii), For some v E (V - aV), the linking number of Mm and A (u x X> is ?I. 
Comments 1.3. The hypothesis of (1.1) is a combination of the so-called “mapping cylinder 
neighborhood conjecture” and a conjecture of D. Gillman. The first, denoted by MCN(m, n) in 
this discussion, states that if Mm has mapping cylinder neighborhoods in N” at each point then 
Mm is locally flat in N”. Conjecture MCN(m, n) is known to be true whenever n I 3 and when 
(in, n) = (1,4) or (3,4) (see [5], [17], and [19]) and is false for PL embeddings when n - m = 2, 
n r4 (however, see 82 below). 
In a double suspension H”-’ * S’ the copy of S’ has a mapping cylinder neighborhood; 
assuming that H”-* * S’ is topologically S”, it follows that S’ is locally flat if and only if H”-* is 
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simply connected (n L 4). Thus R. Edwards’ recent work[lObl shows MCN(m, n) false if 
n - m 14 and n 2 5. Only MCN(n - 1, n) and MCN(n - 3, n), n 2 5, remain unresolved. 
The conjecture of Gillman is the “freeness conjecture” F(m, n): if Mm is locally free in N” 
then M” is locally flat in N”. Gillman[ 111 stated this problem with Ln-m-’ = Y-m-’ throughout 
the range of codimensions and with Z -linking instead of our stronger ?l condition; the results 
of [ 1 l] are all in dimension three. The “Bing sling” [2] provides a l-sphere in S’ which is free but 
not locally flat; products of this example with S’ provide counter-examples to F(n - 2, n) for 
each n 2 3. We show below that F(n - 2, n) is true for PL embeddings. With some added 
hypothesis, J. Hempel[ 131 and Gillman [1 l] have proved F(k, 3), although F(2,3) (without extra 
hypotheses) remains undecided. 
The idea of combining Gillman’s freeness condition with mapping cylinder neighborhoods 
was first introduced in [6]. Therein it is shown that a free embedding of Mm in N” is locally flat 
(n - m # 2, n zz 5) provided it has a mapping cylinder neighborhood via a map I$ : U + M which 
is a Serre fibration. One of the objects of the present paper is to remove this extra assumption on 
the mapping cylinder. 
Definitions 1.4. The concepts of mapping cylinder neighborhoods and freeness can be 
combined to obtain the idea of “strong” freeness. We say that Mm is strongly free in N” at the 
interior point x E drn provided there exist a neighborhood V of x in M”, a closed manifold 
L n-m-‘, and a map A : Z,, + N” (where r: V x L + V is projection on the first factor) such that 
(i) Ln-m-’ is simply connected and smoothablet if n - m 2 3 and is Sri-m-‘’ if n - m I 2; 
(ii) A 1 V = identity and A (Z,, - V) C (N” - Mm); and 
(iii) the linking number of Mm and A (7~~l(x)) is defined as in (1.2) and is 21. 
M” is strongly free in N” at the boundary point x E aM” provided there exist an open 
neighborhood V of x in Mm, a compact manifold K”-” with boundary, and a map A : Z,, + N” 
(where r: a (V x K) + V is projection on the first factor) such that 
(i), K”-” is simply connected and smoothable;? 
(ii), A 1 V = identity and A (Z,, - V) C (N” - M”); and, 
(iii), the linking number of Mm and A(a-‘(u)) is tl for some interior point u E V. 
Except for liberalizing (i) when n - m 2 3 and strengthening (iii) by requiring linking number 
+I instead of odd linking number, our “strongly free” is the same as Gillman’s 
“deformation’free”[ll]. The following solution to a conjecture of Gillman’s can be viewed as a 
higher dimensional version of the 3-dimensional results of Hempel[l3], Bing and Kirkor[3], and 
Griffith and Howell[12]. The case n - m = 1 has been proved independently by Daverman [ lOa]. 
THEOREM 1.5. If Mm is strongly free in N” at each point, n - m # 2, n # 4, then Mm is locally flat 
in N”. 
82. MAIN RESULTS (ALL CODIMENSIONS) 
Again let Mm and N” be topological manifolds with Mm a subset of the interior of N”. 
Definitions 2.1. Mm is said to be k - ALG in N” at the point x E Mm provided that for each 
neighborhood W of x in N” there exist neighborhoods w’ > W” of x in W such that: Every 
map Sk + ( W” - Mm) which is null-homologous as a map into ( W’ - Mm) is null-homotopic as a 
map into (W-M”). We say that Mm is homotopically unknotted in N” at x [9] if Mm is I- ALG 
in N” at x(n - m # 2) or if Mm is k - ALG in N” at x for all k(n - m = 2). 
Taming 2.2. We first state what might be called the 
“Bing-Bryant-Cernavskii-Daverman-Price-Seebeck Taming Theorem”: If Mm is I- ALG in 
N” at every point, n - m # 2, n # 4, then Mm is locally flat in N” (cf. [I], [7], [9], [lo], [21]). 
Although the codimension two analogue of this statement is true when n = 3 ([4], [8]) it is false 
when n 2 5 [ 141: the higher homotopy of knots can be non-trivial even when the knot has abelian 
fundamental group. Price and Seebeck have “almost” proved that locally homotopically 
unknotted M”-’ C N” are locally flat (n 2 5), where “almost” means assuming each component 
of M”-= is flat at some point in N”. We summarize these results: 
(n#4,n-m#2) I-ALG=LHUI$ LF 
(n=3,m=l) l-ALG=$LHUjLF 
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(nr5,n --M =2) I-ALG # LHU j LF 
assuming flat spots. 
THEOREM 2.3. If Mm has mapping cylinder neighborhoods in N” at each point and is free in N” 
at each point then Mm is locally homotopically unknotted in N”. 
THEOREM 2.4. If Mm is strongly free in N” at each point then MI is locally homotopically 
unknotted in N”. 
The results of 0 1 follow immediately from (2.2), (2.3), and (2.4). Also, if M” has “flat spots” in 
N”, or if n = 3, then local flatness follows in (1.1) and (1.5) even when n - m = 2. In particular, 
we have: 
COROLLARY 2.5. Suppose in addition that N” is a PL manifold and that Mm is a subpolyhedron 
of N”. If Mm is free in N” at each point then Mm is locally flat in N”. 
Proof. If n # 4 we can apply (2.2). Suppose n = 4. When m = 3 we can apply [ 171 and when 
m = 1 the proof is trivial. Suppose m = 2. Then M2 is locally flat in N’ except possibly at a set F 
of vertices. If p E (F - aM*) then the star of p in some subdivision of N4 is a PL ball B* such 
that(B4,B4nM2)~@*aB4,p*(aB4~M))andB*nF=(p}.SinceMZis1-ALGinN4atp, 
nl(8B4- M’) = 2, and hence the simple closed curve M* II 8B” is unknotted in &[20]. Thus 
the ball pair (B’, B4 n M*) is unknotted. It follows that F C JM” and hence [16] F = 4. 
93. COMMUTATMTY IN FUNDAhlENTAL GROUPS OF OPEN MANIFOLDS 
In verifying the I- ALG condition during the proofs of (2.3) and (2.4) it will be helpful to 
have criteria for recognizing abelian fundamental groups in certain open manifolds. Typical 
criteria are given by 
Data 3.1. 
(1) U” is a connected open orientable smooth n-manifold. 
(2) K is a collection of compact, connected smooth n-manifolds with boundary. 
(3) Each element of K has abelian fundamental group. 
(4) For each compact connected set C in U” there exist K E K and a map f: 
(K, aK) + (U, U - C) such that 
f*: H”(K, aK) + H”(U, U-C) 
is an isomorphism and 
f,: HI(K) --$ HI(U) 
is a monomorphism. 
We are indebted to Bob Daverman for a useful suggestion concerning the proof of the 
following theorem. 
THEOREM 3.2.t Assume the data of (3.1). Then the following conclusions hold: 
(1) lJ” has abelian fundamental group. 
(2) For each finitely generated subgroup G of r,( U”) there exist K E K and f: K + U” given 
in (3.1.4) such that f*a,(K) > G. 
(3) If P~( U”) is finitely generated then there exist K E K and f: K + U” given in (3.1.4) such 
that f+: T,(K) + sr,( U”) is an isomorphism. 
Proof. First we show that P,( U”) is abelian. Fix a base point y E U and suppose that y is a 
commutator in r,( U, y). Let r be a simple closed curve passing through y such that [r] = y. 
Let f’: (K, 8K) + (U, U - lJ be given by (3.1.4) (with C = I’). We can homotope f’ (keeping 
6’K fixed) to a map f: (K, JK) --, (U, U-r) so that f is transverse regular[24] on r. Thus 
f-*(r) = r, u . . . U Tr, where Ti are disjoint simple closed curves in the interior of K. The map f
can be constructed so that for some tubular neighborhood W of r in U, f-‘( W) = W, U . . . U Wk 
where Wi is a tubular neighborhood of Ti, W, rl Wj = do for i # j, and f 1 W, takes (W, d Wi) onto 
(w, aw). 
Gee (4.6) below 
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Choose orientations for K and U, and let Wi, Ti, W, r have induced orientations. We choose 
the orientations o that 
f*: H”(K, aK) + H”(U, u - C) 
has degree +l. Let mi = deg (fir, : rz + r). 
Assertion. Zmi = 1. 
In fact, let WO 7 WI U . . . u Wk and consider the diagram 
H”(K, r3K) f. H.(u, v-r) 
1. 
I T 
H,(K, K - Wd H,( u,u-w, 
I 
H,(Wo, aw,) ulw,,. Hn(w, aw) 
in which all unlabeled arrows are excisions. Let Z’ = Z $ . . . $ Z (k times). Then we have 
H,(K, K - WO) = H. (W,,, aW,) = Zk while the other four groups in the diagram are isomophic 
with Z. Using bases determined by induced orientations, the matrices of j*, (f] WO),, and f, are 
, [ml... mkl, and [ll 
LlJ 
respectively. Therefore, by commutativity ’ of the diagram, 
[m t . . . mk VI. -[Emil= 
Assertion. For each i, r, is null homotopic in K. 
To verify this assertion fix i and let yi E f-‘(y) n Ii. Then in the diagram 
al(K, yi) A adU, Y) 
h 1 h 
H,(K) ‘. 
1 
- HdU) 
(where h is the Hurewicz homomorphism) we have hf,([TiI) = h(mq) = 0; thus f*h [Ii] = 0. 
Since r,(K, yi) is abelian and f, is a monomorphism, the composition f,Jr is one-to-one, and 
hence [Ii] is the trivial element of rl(K, yi). 
Assertion. y is the trivial element of r,(U, y). 
In fact, we have y”” = fJri] = 1 for each i, so 
With this last assertion we have verified that a,(U) is abelian. 
Now we prove (3.2.2). Let G be a finitely generated subgroup of T,(U, y), and let 
c=c1v... v C. be a wedge of simple closed curves based at y such that the classes 
[CA . . ., [C”] generate G. Let f: (K, aK) + (U, U - C) be a map (possibly different from the f 
above) as given in (3.1.4). The argument of the first part of this proof, applied to each Ci, shows 
that [Cl Eimage f*. Thus G C fen,(K). 
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The last conclusion (3.2.3) follows immediately from (3.2.2). 
COROLLARY 3.3. Suppose that U” is a connected open smooth orientable n-manifold and that, 
for each compact connected set C C U”, there exists a compact connected simply connected 
smooth n-manifold K and a map f: (K, aK) + (U, U - C) such that 
f*: H,(K, aK) + H,(U, U-C) 
is an isomorphism. Then U is simply connected. 
The above results will suffice for our needs in the proof of (2.3). For (2.4) we require a slight 
modification. 
Data 3.4. In this data, (l), (2), and (3) are the same as in (3.1). Replacing (4) of (3.1) we have: 
(4) V is a connected open set in U”. 
(5) For each compact connected set C in V there exist K E K and a map f: 
(K, aK) --, (U, U - C) such that 
f,: H.(K, aK) + H.(U, U-C) 
is an isomorphism and 
f,: HI(K) + HI(U) 
is a monomorphism. 
THEOREM 3.5. Assume the data of (3.4), and let G = image (q,(V) + nl( U)). Then the 
following hold : 
(1) G is abelian. 
(2) For each finitely generated subgroup H of G there exist K E K and f: K + U given by 
(3.4.5) such that fen,(K) > H. 
The proof of (3.5) is essentially the same as that of (3.2) and is left to the reader. 
54. ASPHJZRICITY OFCERTAIN OPEN MANIFOLDS 
In the codimension two proofs in the next sections it will be necessary to verify the k - AL.G 
condition for k > 1; for this it will be convenient o have criteria for the vanishing of higher 
homotopy groups in open manifolds. These criteria are similar in flavor to those given in 83 for 
the vanishing of the fundamental group. 
Data 4.1. 
(1) U” is an open connected orientable smooth n-manifold. 
(2) K is a collection of compact connected smooth n-manifolds with boundary. 
(3) For each K E K, n,(K)=0 for 21qsp. 
(4) For each compact connected set C in U” there exist K E K and a map 
f: (K, aK) + (U, U - C) such that both 
f,: H,,(K, aK) --) H,,(U, U - C) and 
f*: n,(K) + T,(U) 
are isomorphisms. 
THEOREM 4.2.7 Assuming the data of (4. l), T~( U”) = 0 for 2 I q sp. 
Proof. Suppose first that 2p + 1 in. 
Let 2lqsp and suppose that n,(U)=0 for 2zsr<q. We show that r@(U)=O. Let 4’: 
S’ + U be a map. Then 4’ is homotopic to a smooth embedding 4: S” + U. Let C = r$(S“) and 
let f’: (K, aK) + (U, U - C) be as given in (4.1.4). Homotope f’ to a map f: (K, aK) + 
(U, U - C) that is transverse regular to C. Orient K and U so that f + has degree +I, and give 
submanifolds their induced orientation. 
Let C,, . . ., C, be the components of f-‘(C). Note that each C is orientable, since it has an 
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orientable normal bundle neighborhood, being the pull-back of a normal bundle neighborhood of
C in U. Let mi = deg CflC,: Ci + C). 
Assertion. Xmi r 1. 
To verifythis claim, let W be a normal disk bundle neighborhood of C in U and let Wi be the 
pull-back of W to a normal disk bundle neighborhood of Ci, as given by transversality, with 
f( Wi) = W. Then W, /l Wj = 4 for i # j and by the naturality of the Thorn isomorphism we have 
deg(f/W,: Hn(W,aW) -,H,,(W,aW))=deg(flC: H,(G)+H&C)). 
On the other hand we have the diagram 
f. 
Hn (K, W ) Hn(U, U-c) 
I. 1 I 
H,(K, K -f-‘(W)) H,(U, U- w) 
T T 
fl. 
HXf-‘04% af-‘(W)) - H.IW, aw) 
from which it follows (just as in the proof of (3.2) above) that Xm = 1. 
Now let g and U be universal covers of K and U, respectively, oriented so that the covering 
maps are orientation preserving. Let 4: Sq + U be a lifting of 4, 6 = r$(S’), and let {: R * l? 
be a lifting of fi Let Ci be a component of f-‘(C) which projects to G. Since f is proper, C6 is 
compact. In fact, since loops in Ci are null-homotopic in K, we have the diagram 
where the covering projections are actually homeomorphisms. Therefore we have proved the 
Assertion. deg (flC1: Ci + C) = mi. 
Now we show that r$ is null-homotopic by showing that 4 is null-homotopic. In fact, we need 
only show that 4 is null-homologous since U is (q - I)-connected by our induction hypothesis. 
But R is q-connected by hypothesis, so each of the manifolds Ci bounds in 2; i.e. [Ci] = 0 in 
H,(g) so 
in H, (8), and 4 is null-homologous in 0. 
The proof of (4.2) is now complete under the assumption that 2p + 1 I n. Suppose now that 
p B 2 is otherwise unrestricted and let K, U”, etc. be as given by (4.1). Let k = 2p + 1, 
U~=UxRr,andK,={KxrBk~r~O,KEK}.IfCrisanycompactsetin U,,letCbethe 
projection of C, in U and let r > 0 be so that the projection of C1 in R” lies interior to rB*. Let 
K1 = K x rB* and define fr: (K,, aK,) --) (U,, U, - C,) to be f X id., where f: (K, 8K) + 
(U, U - C) is given by (4.1.4). It is easily verified that (1) through (4) of (4.1) hold with “subscript 
one” as defined above. By the restricted case of (4.2) already proved, q (U,) = 0 for 2 I q cc p. 
Therefore q(U) = 0 for 2 I q I p. 
COROLLARY 4.3. Suppose that U” is a connected open smooth orientable n-manifold and that 
K” is a compact connected smooth n-manifold with boundary. Suppose further that, for each 
compact connected set C in U” there exists a map (K, aK) + (U, U - C) which induces 
isomorphisms 
H.(K, aK)+ H,(U, U - C) and v)(K)- n,(U). 
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Again because of the “U - V” nature of the proofs of k - ALG in the case of (2.4), we need 
a slight modification of (4.2). 
Data 4.4. In this data, (I), (2), and (3) are the same as in (4.1). Additionally, we have 
(4) V is a connected open set in U”. 
(5) For each compact connected set C in V there exists K E K and a map 
f: (K, 8K) + (U, U - C) such that both 
f,:H,(K,aK)-H.(U, U-C)and 
f*: n,(K) + n,(U) 
are isomorphisms. 
THEOREM 4.5. Assume the data of (4.4). Then the image of v4(V) --f rrg( U) is zero for 
2sq sp. 
Remarks 4.4. The results of 93 and §4 are valid without the smoothness assumptions on K” 
and U”. The transversality arguments can be made as follows. First, we may assume n r6 
because K” x rBk, U” x R’, and f x id can be used in place of K”, U”, and f. Thus, we may 
assume that K” and U” have topological handlebody structures and we may then use topological 
transversality argument as developed by Kirby-Siebenmann. See 1151. 
55. PROOF OF (2.3) (UNROUNDED CASE) 
Transfer 5.1. Suppose that 4: U”. + R m is a proper, surjective map between connected 
oriented manifolds and that .Z+ is a manifold with boundary 85 = U”. If C is a compact 
connected set in U” then we have an isomorphism 
7: H”_“(U) + H”(U, U-C) 
given by the following composition (where V = R”): 
H”_,(U) inclvtion H”_,(Z+ - V) 
E H”_,(& - V) 
duality in 2 
t K”(V) 
duality Ho(v) 
““f Ho(V) 
6. 
- Ho(U) 
duslityy Hn(u, U-C), 
Each inclusion-induced map is an isomorphism; a is an isomorphism because H,-,-,(V) = 
H,-,(V) = 0. 
Data 5.2. Suppose that M” is a topological submanifold of the manifold N” (neither having 
boundary) which has mapping cylinder neighborhoods in N” and is free in N” at each point. 
Then for any x E Mm there exist an open neighborhood V of x in Mm, an open (n - l)-manifold 
U, a proper map 4 of U onto V, and an embedding I+!J of Z+ onto a neighborhood of x in N” such 
that $(v) = u for each u E V. By restricting the maps b, and $ if necessary, we may assume that 
for each E > 0 there exist a closed (n - m - I)-manifold and a map /\ : V x L + (M - N) such 
that 
EMBEDDINGS WITH MAPPING CYLIh?)ER NEIGHBORHOODS 199 
(i) J~“-~-I is smooth and simply connected if n - m 2 3 and is S”-“-’ if n - m 5 2, 
(ii) A(v x L) C (e-neighborhood of u), and 
(iii) the linking number of M and A (P x L) is 2 1 for each t’ E V. Finally, we may assume that 
V is homeomorphic with R”. 
LEMMA 5.3. In order to prove (2.3) in ‘case 8M = 4, if sufices to show that whenever the data of 
(5.2) is given then 
(1) U”-’ is simply connected (n - m 2 3); 
(2) U”-’ is a K(Z, l)(n - m = 2); 
(3) U”-’ has two components each of which is simply connected (n - m = 1). 
The method of proof of (2.3) will be to use (3.2) to verify that P,(U) = ~,(S”-m-‘) and (4.2) to 
verify that, in case n - m = 2, U is a K(Z, 1); this, by (5.3), will complete the proof. 
We want to show the data of (3.1) holds. Let C be a compact connected set in U. Let B be an 
n-cell neighborhood of 4(C) in V, and let E > 0 be small enough so that the e-neighborhood of B 
(taken in N”) lies within $I($). Let Lnem-’ be a closed manifold and h : V x L --f (N - M) a 
map-satisfying (i)-(iii) above. Let K = B X L. And let 
f = ?.I//-‘(h[K): K i U 
where r: (5 - V) --) U is the retraction upward along join lines. 
Assertion 5.4. If n - m L 2 then f,: H,,-,(K, 8K) + H,-,( U, U - C) is an isomorphism. 
Proof. Let 7 be r+-’ h : V x L + U. We have a commutative diagram 
Hn-dK [I \ 
Hn_,(VXL,(V-rj(c))XL)---I-,H~-~(U,~-~) 
I 
7 7 
3. I 
Hn-m-IW X L) ’ Hn-~-I(U) 
I A. 
H.-m-,(L) 
where the left-hand T is defined using the composition 4fi V x L + V. Since all maps in this 
diagram are isomorphisms except possibly f, and f*, the conclusion follows. 
ASSERTION 5.5. If n - m 2 3 then U”-’ is simply connected. In fact, (3.3) applies because of (5.4). 
A similar argument applies in case n - m = 1: 
ASSERTION 5.6. If n - m = 1 then U has two components each of which is simply connected. 
We concentrate now on the case n - m = 2. 
ASSERTION 5.7. If n - m = 2 then f,: H,(K) + H,(U) is a monomorphism. 
Proof We have a commutative diagram 
. 
H,(K) f. HI(U) 
- Hd5 - V) 
in which A * # 0 j f, # 0 j f, is manic (because H,(K) = Z). 
ASSERTION 5.8. If n - m = 2 then U is a K(Z, 1). 
Proof. We want to apply (4.3) and so must show that f+ : r,(K) + r,(U) is an isomorphism; 
but this is one of the conclusions of (3.2) (which applies because of (5.7)). 
16. PROOF OF (2.4) @NROUNDED CASE) 
Transfer 6.1. Suppose that W” is an acyclic oriented open n-manifold containing the open 
oriented manifold V” as a closed subset. Then, for any compact connected set C in W” - V” 
there is a homomorphism 
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7: H,_,_,( w” - V”) -a H,( W” - V”, W” - V” - C) 
given by the composition 
Hn-m-,(WO) d-L Hm-m(w, Wo) 
drulity H,“(v) 
dlulity Ho(v) 
3 Ho(w) 
influaion-l Ho(C) 
dvrliry H,(W,,, Wo-C) 
(where W. = W - V). Note that r fails to be an isomorphism only if V is not connected, each 
map other than the inclusion Ho(V) + H,,(W) being an isomorphism. Also note the naturality of 
7. 
Data 6.2. Suppose that Mm is a topological submanifold of the manifold N” (neither having 
boundary) which is strongly free in N” at each point. Then for any x E M” there exist an open 
m-cell neighborhood V of x in M, a closed (n - m - l)-manifold L n-m-1, and a map A : 2, + N 
(where P: V x L + V is projection on the first factor) satisfying 
(i) L”-“-’ is smooth and simply connected if n - m L 3 and is S”-‘“-’ if n - m s 2; 
(ii) A 1 V = identity and A (2,. - V) C (M - N); and 
(iii) The linking number of M and h(r-‘(x)) is tl. 
Let W 3 W’ be open n-cell neighborhoods of x in N” such that 
(iv) W’ II M is contained in some component of W rl M. 
We assume that 
(v) h(z) c w 
and we have an open n-cell W” containing x such that 
(vi) @’ is a compact subset of W’, 
p fl M C V, and 
h_‘(P? c _&. 
LEMMA 6.3. In order to prove (2.4) it susces to show that, under the data of (6.2), the image of 
al(%) in P,( Wo) is m(Sn-m-‘) and, if n - m = 2, the image of m( W3 in m( Wo) is zero for 
k > 1. 
Let C be a compact connected set in WG = W” - M. Let B be a closed m-cell in V containing 
ph -l(C) in its interior, where p : Z_ + V is the mapping cylinder etraction. Choose 0 < t < 1 so that 
A-‘(C) C 2, and let 
K = p-‘(B) n z,. 
Note that K = B” x L”-“-’ x I. Let f = A (K. Note that f map (K, 8K) into (WA, Wh - C). 
The proof of (2.4) now proceeds very much like that of (2.3). The details are left to the reader. 
07. THE BOUNDED CASES 
Data 7.1. Assume that Mm is a manifold (possibly with boundary) topologically embedded in 
the interior of the manifold N”. Suppose that x E JM” and that we are given an open 
neighborhood V of x in Mm, an open (n - l)-manifold U, a proper map $J of U onto V, and an 
embedding JI of 5 onto a neighborhood of x in N” such that +(V = identity. We assume that 
V=R”-‘x[O,w). 
Also, we assume that Mm is free in N” at the point x. Thus, we may assume that for each 
E > 0 there exist a compact (n - m)-manifold K”-“, with aK”-” # 4, and a map A : d( V x K) --, 
(M-N) such that 
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(i), K”-” is smooth and simply connected; 
(ii)b h(u, k) E (e-neighborhood of U) for each (u, k) E a(V x K); and 
(iii), The linking number of Mm and A(0 X AL) is -cl for some t’ E (V - 8V). 
LEMMA 7.2. In order to complete the proof of (2.3) it sufices to show that the data of (7.1) 
implies that U”-’ is simply connected. 
Thus, to complete the proof of (2.3), we need only verify that the hypothesis of (3.3) holds. 
Let C be a compact connected set in U. Choose an m-cell neighborhood B of 4(C) in V so that 
B fl aV is an (m - I)-cell, and let l > 0 be small enough so that the e-neighborhood of B in N” 
lies within $(Z,). Let K”-” be a compact manifold and A : d( V x K) + (N-M) a map 
satisfying (i)*-(iii)* above. Define 
K,=(BxaK)u((B naV)xK), 
a smooth simply connected (n - I)-manifold with 
aK, = (al3 - LiVX aK) U (a@ rl av) X K). 
Finally, define f to be the composition 
r$-‘(A/K,): K, + U, 
where r: (Z, - V) + U is the obvious retraction. Note that f maps (K,, aK,) into (U, U - C). 
ASSERTION 7.3. f*: LI(KI, aK,) --f EL-,( U, U - C) is an isomorphism. 
The proof of (7.3) is very similar to the proof of (5.4) and is left to the reader. Note that (7.3) 
shows that the hypothesis of (3.3) is satisfied under the data of (7.1), so that the proof of (2.3) is 
complete. 
The bounded case of (2.4) is proved in a similar manner. 
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